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Introduction
The factors, which determine the temperature in microwave-heated food, include: the applied power; exposure time; the geometry of the microwave applicator; the geometry and size of the heated food; and the electromagnetic and thermal properties of the food (Metaxas and Meredith 1983; Van Remmen et al. 1996) .
Microwave heating depends on the ability of the microwave's electric field to polarise dipolar molecules (Metaxas and Meredith, 1983) . Depending on the frequency, the dipole may move in time with the electric field, lag behind it or remain apparently unaffected (Chaplin, 2004) . When the dipole lags behind the field, interactions between the dipole and the field lead to energy dissipation within the material and heating. The extent of heating depends on the phase difference between the applied fields and the dipole moment of the molecules. The ease with which dipole movement occurs depends on the viscosity and the mobility of the electron clouds within the molecule (Chaplin, 2004) .
Uneven temperature distribution within microwave-heated food is commonly reported (Van Remmen et al. 1996) . Rapid moisture loss is often associated with microwave heating (Rozsa 1995) ; therefore any realistic analysis of microwave heating in moist materials must account for simultaneous heat and moisture diffusion through the material. This paper presents a summarised derivation of closed analytical solutions to the diffusion equations that describe simultaneous heat and moisture transport during microwave heating of rectangular blocks, cylinders and spheres.
Electromagnetic Heating
Beginning with Maxwell's equations (Giancoli, 1989) , Ayappa et al. (1991) demonstrate that the average power density at a distance z below the irradiated surface of a material of thickness W is: 
Simultaneous Heat and Moisture Diffusion during Electromagnetic Heating
The amount of water vapour moving into a small section of porous material is the sum of any net increase in moisture content in the air space and the net increase in moisture content of the material's fibres (Crank, 1979) .
Therefore:
Heat is evolved because of microwave heating and moisture absorption by a material; therefore the thermal diffusion equation, which includes a volumetric heat source, is:
If it is assumed that some linear relationship exists between the moisture content of a material, the moisture vapour concentration in the air spaces in the material and the temperature (Henry, 1948; Crank, 1979) , then:
Substituting from equation (6) into equations (4) and (5) and combining the two equations yields:
This can be expressed in a simpler form if nT pM v + = Ω and p and n, which are constants of association, are calculated to satisfy:
Replacing the volumetric heating term in equation (7) with the Lambert's law approximation yields:
Equation (9) is now a diffusion equation in terms of Ω. Equation (8) is a quadratic polynomial in terms of γ and after rearranging yields: (10) Equation (10) implies that the combined heat and moisture diffusion coefficient (γ) has two independent values, which is consistent with Henry's (1948) equation for simultaneous heat and moisture diffusion. Henry's (1948) discussion of equation (10), as applied to textiles, shows that a change in external temperature or humidity (or both) "results in a coupled diffusion of moisture and heat which is mathematically analogous in many respects to a pair of coupled vibrations". The combined process is equivalent to the independent diffusion of two quantities, each of which is a linear function of moisture vapour concentration and temperature (Henry, 1948; Crank, 1979) . Henry (1948) states that "The diffusion constants appropriate to these two quantities are always such that one is greater and the other less than either of the diffusion constants which would be observed for the moisture or heat, were these not coupled by the interaction".
In summary, the problem at hand is to determine solutions to equation (9) when rectangular, cylindrical and spherical coordinate systems are adopted, while realising that this solution represents two waves of heat and moisture propagating at two different rates through the material.
Provided the following boundary conditions are applied, these solutions can be found by adopting the Laplace transformation technique:
The Laplace transformation of equation (9) is:
Solutions to equation (12) 
Case 1 -Solutions for semi-infinite solids
Adopting rectangular coordinates and applying the limit theorem:
to ensure that the solution is bounded at time t = 0 yields:
. (13) This can now be solved using standard mathematical tables (Crank 1979; Mansfield 1972) to yield: Applying the first boundary condition to evaluate A yields: 
Case 2 -Heat and Moisture Distribution in a Slab
This analysis has only considered the result of irradiation from a single surface. Heating in a slab of thickness W will be the combination of the temperature rise due to irradiation at the surface z = 0 and the temperature rise due to irradiation at the surface z = W combined with the multiple internal reflections. The heat and moisture distribution across a slab becomes: This can also be solved using standard mathematical tables (Crank 1979; Mansfield 1972) to yield: This solution represents a component of heat and moisture activity near the surface of the cylinder. When r approaches zero this term disappears. So, the full solution becomes: Because the last term in equation (20) is associated with surface heating, the constant B can be evaluated by apply the first boundary condition. So the full solution for a cylinder becomes: 
Case 4 -Analytical Solutions in the Radial Dimension of Spheres
Adopting spherical coordinates yields a very similar derivation to that described for a cylinder. As with a cylinder, there are two solutions to the complementary function and one particular solution to the full differential equation. So the full solution for a sphere becomes: 
Multi-Dimensional Solutions
Partial differential calculus allows multi-dimensional temperature profiles in orthogonal coordinate systems to be calculated by multiplying the single dimensional solutions together (Van Remmen et al., 1996) ; therefore it is expected that rectangular blocks will focus heat into the corners and just below the surface (Van Remmen et al., 1996; Zielonka and Gierlik, 1999) , while short, small-diameter cylinders focus the heat along the central axis of the cylinder in a "dumbbell" shape (Van Remmen et al., 1996) . Small diameter spheres will focus the heat into the centre (Van Remmen et al., 1996) . Cylinders and spheres with larger radii tend to focus heat just below the surface (Van Remmen et al., 1996) .
Equations (21) and (22) also suggest that as the wave attenuation factor (α) increases there is a shift from core heating to subsurface heating in cylinders and spheres (Van Remmen et al., 1996) .
Thermal Runaway
Thermal runaway, which manifests itself as a sudden temperature rise due to small increases in the applied microwave power, is very widely documented (Vriezinga, 1998; Zielonka and Dolowy, 1998; Nelson et al., 2001) . It has also been reported after some time of steady heating at fixed power levels and is usually attributed to temperature dependent dielectric and thermal properties of the material (Zielonka and Dolowy, 1998; Vriezinga, 1998; Nelson et al., 2001) . Equation (15) can be rearranged and simplified to yield: In this form, all the temperature dependent terms are on the right hand side of the equation; therefore it can be used to determine the electric field strength necessary to "sustain" a given temperature, at a particular location and heating time. In so doing it is possible to use equation (23) to explore temperature dependency of the various material parameters.
Using data found in Torgovnikov (1993) , Steinhagen (1977) and Studman (1990) , equation (23) can be used to produce temperature versus applied electric field curves. Figure 1 shows the results of doing this for several different heating times. Figure 2 shows the results of varying the depth below the irradiated surface. Three important features become evident from Figures 1 and 2: 1. There is a sudden "jump" in the temperature versus applied electric field strength curve from a relatively flat lower limb to a relatively flat upper limb.
2. The location of this jump depends on the heating time. A shorter heating time requires a stronger electric field for the jump to occur compared with longer heating times.
3. The location of this jump depends on the depth below the irradiated surface. The electric field strength needed to make the transition between the lower and upper arms of the curve reduces with depth. Equation (23) correctly predicts the "S" shaped temperature versus electric field strength curves described by other authors (Vriezinga, 1998; Nelson et al., 2001) . Figure 1 suggests that the transition threshold for the jump from the lower limb of the curve to the upper limb of the curve reduces as irradiation time increases. The sudden onset of thermal runaway after prolonged heating has been reported (Zielonka and Dolowy 1998). Perhaps this lowering of the threshold with time accounts for these occurrences. Figure 2 forecasts that the transition threshold for the jump from the lower limb of the curve to the upper limb of the curve reduces with distance from the surface of the heated object. This may contribute to problems like super-heating in water. Many serious burns, due to superheating of water in microwave ovens have been reported; particularly when prior heating may have already depleted the water of dissolved gasses (Bloomfield 2000) .
Although water can boil at 100 o C, the formation of steam bubbles usually requires nucleation sites such as suspended particles, other gasses or the surface of a container (Bloomfield 2000) . In convective heating, the highest temperature occurs at the surface of the container where the container itself provides many nucleation sites for vapour bubbles to form. During microwave heating of cylindrical objects, such as cups or jars containing water, the maximum temperature occurs along the centre line of the cylinder where far fewer nucleation sites are available. Figure  2 also suggests that thermal runaway is easier to generate at some distance from the outer surface of a microwave heated material. This further compounds the core heating problem. Therefore a combination of core heating and the potential for thermal runaway in the centre of cylindrical containers probably leads to super heating of water. Any small disturbance to the system, such as the addition of other material like coffee, tea and sugar, or sudden jolts, will provide nucleation sites and lead to spontaneous boiling. An example of spontaneous boiling caused by a spoon being dropped into a jug of super heated water is shown in Figure 3 . Although there is still much to be learned about microwave heating, the equations presented here provide good insight into the behaviour of this very complex phenomenon. Equations (15), (16), (21), (22) and (23) correctly forecast many of the important features associated with microwave heating in blocks, cylinders and spheres. The equations have been successfully used by this author on several occasions (Brodie 2003; Brodie 2005) ; however this paper only presents early results from an ongoing investigation into this phenomenon.
Conclusion
As would be expected, heat and moisture distribution associated with microwave heating is a function of geometry, properties of the heated material, simultaneous heat and moisture diffusion, exposure time and the applied microwave power. 
